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Abstract 
A comprehensive numerical study is presented for the fully developed two-dimensional thermal flow of viscous incompressible fluid 
through a rotating curved rectangular duct of constant curvature 1.0 . Numerical calculations are carried out by using a spectral 
method, and covering a wide range of the Taylor number 30001000 Tr and the Dean number 1000100 Dn for the Grashof 
number 100Gr . The outer wall of the duct is heated while the inner wall cooled. Flow characteristics are investigated for two cases of 
the duct rotation, Case I: Positive rotation and Case II: Negative rotation. For positive rotation, we investigate the unsteady flow 
characteristics for the Taylor number 30000 Tr and it is found that the unsteady flow undergoes in the scenario ‘Chaotic  multi-
periodic  periodic  steady-state’, if Tr is increased in the positive direction. For negative rotation, however, we investigate the 
unsteady flow behavior for 1001000 Tr , and it is found that the unsteady flow undergoes through various flow instabilities, if 
Tr is increased in the negative direction. Contours of secondary flow patterns and temperature profiles are also obtained at several values 
of Tr, and it is found that there exist two- and multi-vortex solutions if the duct rotation is involved in both the directions. 
© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 
of Mechanical Engineers 
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Nomenclature 
   Dn    : Dean number                                        T      : Temperature                            
    Tr     : Taylor number                                      u      : Velocity components in the x direction                                           
    Gr     : Grashof number                                   v      : Velocity components in the y direction 
    h       : Half height of the cross section           w      : Velocity components in the z direction 
     d       : Half width of the cross section             x      : Horizontal axis 
    L       : Radius of the curvature                       y      : Vertical axis                                   
   Pr      : Prandtl number                                     z      : Axis in the direction of the main flow 
      t      : Time                                                         : Resistance coefficient 
  Greek letters 
   : Curvature of the duct                             : Viscosity                                    : Kinematic viscosity 
   : Density                                                   : Thermal diffusivity                   : Sectional stream function 
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1. Introduction 
                    The study of flow and heat transfer in a curved ducts and channels has attracted considerable attention because of 
their ample applications in fluids engineering. Due to engineering applications and their intricacy, the flow in a rotating 
curved duct has become one of the most challenging research fields of fluid mechanics. Since rotating machines were 
introduced into engineering applications, such as rotating systems, gas turbines, electric generators, heat exchangers, 
cooling system and some separation processes, scientists have paid considerable attention to study rotating curved duct 
flows. The readers are referred to Nandakumar and Masliyah [1], Ito [2] and Yanase et al. [2] for some outstanding reviews 
on curved duct flows.   
         The fluid flowing in a rotating curved duct is subjected to two forces: the Coriolis force due to rotation and the 
centrifugal force due to curvature. For isothermal flows of a constant property fluid, the Coriolis force tends to produce 
vortices while centrifugal force is purely hydrostatic. When a temperature induced variation of fluid density occurs for non-
isothermal flows, both Coriolis and centrifugal type buoyancy forces can contribute to the generation of vortices. These two 
effects of rotation either enhance or counteract each other in a non-linear manner depending on the direction of wall heat 
flux and the flow domain. Therefore, the effect of system rotation is more subtle and complicated and yields new; richer 
features of flow and heat transfer in general, bifurcation and stability in particular, for non-isothermal flows. Selmi et al. [4] 
examined the combined effects of system rotation and curvature on the bifurcation structure of two-dimensional flows in a 
rotating curved duct with square cross section. Wang and Cheng [5], employing finite volume method, examined the flow 
characteristics and heat transfer in curved square ducts for positive rotation and found reverse secondary flow for the co-
rotation cases. Selmi and Nandakumer [6] and Yamamoto et al. [7] performed studies on the flow in a rotating curved 
rectangular duct. When a temperature induced variation of fluid density occurs for non-isothermal flows, both Coriolis and 
centrifugal type buoyancy forces can contribute to the generation of vorticity (Mondal et. al., [8]). These two effects of 
rotation either enhance or counteract each other in a non-linear manner depending on the direction of wall heat flux and the 
flow domain. Therefore, the effect of system rotation is more subtle and complicated and yields new; richer features of flow 
and heat transfer in general, bifurcation and stability in particular, for non-isothermal flows. Very recently, Mondal et al. [9] 
performed numerical investigation of the non-isothermal flows through a rotating curved square duct and obtained 
substantial results. However, there is no known study on rotating curved rectangular duct flows with buoyancy effect. The 
present paper is, therefore, an attempt to fill up this gap. Studying the effects of rotation on the flow characteristics, caused 
by the buoyancy forces, is an important objective of the present study.  
 
2. Mathematical formulations 
 
        Consider a hydro-dynamically and thermally fully developed two-dimensional flow of viscous incompressible fluid 
through a rotating curved duct with rectangular cross section, whose height and wide are h2  and l2 , respectively. The 
coordinate system with the relevant notation is shown in Fig. 1, where x  and y  axes are taken to be in the horizontal and 
vertical directions respectively, and z  is the axial direction. The system rotates at a constant angular velocity T around 
the y axis. It is assumed that the outer wall of the duct is heated while the inner wall cooled. vu,  and w  be  the velocity 
components in the x , y and z directions respectively. All the variables are non-dimensionalized.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Coordinate system of the rotating curved duct 
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The sectional stream function  is introduced as 
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     Then, the basic equations for the axial velocity w , the stream function  and temperature T  are expressed in terms of 
non-dimensional variables as:       
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The non-dimensional parameters Dn , the Dean number, Gr , the Grashof number, Tr , the Taylor number  and Pr ,  the 
Prandtl number, which appear  in equation (2) to (4) are defined as:              
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where the parameters denote their usual meaning. The rigid boundary conditions for w  and  are used as 
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and the temperature T  is assumed to be constant on the walls as: 
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3. Numerical methods 
 In order to solve the Equations (2) to (4) numerically, the spectral method is used.  By this method the expansion functions 
)(xn  and  )(xn  are expressed as  
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Where ))(coscos()( 1 xnxCn  is the 
thn  order Chebyshev polynomial. ),,(),,,( tyxtyxw  and ),,( tyxT  are expanded 
in terms of the expansion functions )(xn  and )(xn  as 
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where M  and N  are the truncation numbers in the x  and y  directions respectively. The accuracy of the numerical 
calculations is investigated for the truncation numbers M  and N  used in this study for the flow through a rotating curved 
rectangular duct. Five types of grid size (truncation number) were used to check the dependence of grid size (i.e. M and N ).  
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For good accuracy of the solutions, N  is chosen equal to M2 . Variation of five representative properties with the grid size 
are taken as 4422,4020,3618,3216,2814 , and it is found that M = 20 and N = 40 give sufficient accuracy of the 
numerical solutions, which are not shown here for brevity. In order to calculate the unsteady solutions, the Crank-Nicolson 
and Adams-Bashforth methods together with the function expansion (9) and the collocation methods are applied to Eqs. (2) 
to (4).  
4. Resistance coefficient 
We use the resistance coefficient  as one of the representative quantities of the flow state. It is also called the 
hydraulic resistance coefficient, and is generally used in fluids engineering, defined as  
                                                                ,
2*
2
1
**
*
2
*
1 w
dhz
PP
                                                                                 (10) 
where quantities with an asterisk denote the dimensional ones,  stands for the mean over the cross section of the 
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where .*/2 wvdw  In this paper, is used to calculate the unsteady solutions by numerical computations. 
 
5.  Results and discussion 
 
          We take a curved rectangular duct and rotate it around the centre of curvature with an angular velocity T  in both the 
positive and negative direction. Positive rotation means that the rotational direction is in the same direction as of the main 
flow while negative direction means that the rotational direction is opposite to the main flow direction. In this paper, time 
evolution calculations of the resistant coefficient are performed for the non-isothermal flows (Gr = 100) through a 
rotating curved rectangular duct over a wide range of the Dean Numbers (Dn) and the Taylor Number (Tr) for two cases of 
the duct rotation, Case I:  Positive rotation and Case II: Negative rotation.    
 
5.1 Case I : Positive rotation 
           For positive rotation we perform time evolution of for 30000 Tr and 1000100 Dn . Figure 2(a) shows time 
evolution of  for Tr = 1000 and Dn = 1000 at Gr = 100. It is found that the unsteady flow at Tr = 1000 and Dn = 1000 is a 
chaotic solution, which is well justified by drawing the phase spaces as shown in Fig. 2(b). Figure 2(c) shows typical 
contours of secondary flow patterns and temperature profiles for Tr = 1000 and Dn = 1000, where we find that the unsteady 
flow is a six- and eight-vortex solution. This is because as the Coriolis force and centrifugal force simultaneously increased 
the number of secondary vortices also increases (Wang and Cheng [10]). Then we perform time evolution of  for Tr = 1300 
and Dn = 1000 as shown in Fig. 3(a). It is found that the unsteady flow is a periodic solution at Tr = 1300 and Dn = 1000. In 
order to observe the periodic oscillation more clearly, we draw the phase space as shown in Fig. 3(b), and it is found that the 
flow is multi-periodic but not periodic. Typical contours of secondary flow patterns and temperature profiles are shown in 
Fig. 3(c) for one period of oscillation, and we see that the multi-periodic solution at Tr = 1300 and Dn = 1000 is a five-
vortex solution. Then we perform time evolution of  for Tr = 1000 and Dn = 1500 at Gr = 100 as shown in Fig. 4(a). It is 
found that the unsteady flow at Tr = 1000 and Dn = 1500 is also a multi-periodic solution, which is justified by drawing the 
phase space as shown in Fig. 4(b). Typical contours of secondary flow patterns and temperature profiles are shown in Fig. 
4(c), and it is found that the multi-periodic solution at Tr = 1300 and Dn = 1500 is a two-vortex solution. If we increase the 
rotational speed more, for example Tr = 2000, we see that the flow becomes steady-state as shown in Fig. 4(d). 
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                                       (c) 
 
                                      t       94.0       94.30     94.60      94.90      95.20      95.50              
 
Fig. 2. (a) Time evolution of   for Tr = 1000 and Dn = 1000 at Gr = 100, (b) Phase space for Tr = 1000 and Dn = 1000, (c) Contours of secondary flow 
patterns (top) and temperature profiles (bottom) for Tr = 1000 and Dn = 1000 at time 5.950.94 t . 
 
 
 
 
 
 
 
 
 
 
 
(a) (b) 
 
 
 
 
 
 
 
 
                                                       
          
 
 
                                                        T 
  
                                                (c)                                                                                            
                                                      t        62.14        62.28        62.42        62.57        62.71                                                                           
 
Fig. 3. Time evolution of   for Tr = 1300 and Dn = 1000 at Gr = 100, (b) Phase space for Tr = 1300 and Dn = 1000, (c) Contours of secondary flow 
patterns (top) and temperature profiles (bottom) for Tr = 1300 and Dn = 1000 at time 71.6214.62 t . 
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            (c) 
               (d) 
                  t       97.16       97.34       97.48      97.64       97.82 
 
Fig. 4. Time evolution of   for Tr = 1500 and Dn = 1000 at Gr = 100, (b) Phase space for Tr = 1500 and Dn = 1000, (c) Contours of secondary flow 
patterns (top) and temperature profiles (bottom) for Tr = 1500 and Dn = 1000 at time 97.16 97.82t ,                                               
(d) Time evolution of   for Tr = 2000 and Dn = 1000 at Gr = 100. 
 
 
5.2 Case II: Negative rotation 
 
       For the negative rotation, we rotate the duct in opposite direction of the main flow direction and the flow structure 
becomes more complicated. We perform time evolution of for the negative rotation 1001000 Tr over the Dean 
number 1000100 Dn . Figure 5(a) shows time evolution of  for Tr = -100 and Dn = 700 at Gr = 100, and it is found 
that the unsteady flow is a chaotic solution for Tr = -100 and Dn = 700. The chaotic oscillation is well justified by drawing 
the phase spaces as shown in Fig. 5(b). Figure 5(c) shows typical contours of secondary flow patterns and temperature 
profiles for Tr = -100 and Dn = 700, where we find that the unsteady flow is a two- and four-vortex solution. Then we 
perform time evolution of  for Tr = -200 and Dn = 700 as shown in Fig. 6(a). It is found that the unsteady flow is a 
periodic solution at Tr = -200 and Dn = 700. In order to observe the periodic oscillation more clearly, we draw the phase 
space of the time evolution result as shown in Fig. 6(b), and it is found that the unsteady flow at Tr = -200 and Dn = 700 is 
purely a periodic solution. To observe the pattern variation of secondary flows and heat transfer, as time proceeds, typical 
contours of secondary flow patterns and temperature profiles are shown in Fig. 6(c) for Tr = -200 and Dn = 700, and we find 
that the periodic solution at Tr = -200 and Dn = 700 is a two-vortex solution. If we increase rotational speed in the negative 
direction more, for example Tr = -300, we see that the flow becomes steady-state as shown in Fig. 6(d) for Tr = -300 and Dn 
= 700. If we increase the rotational speed in the negative direction up to Tr = -1000, we find that the flow remains steady-
state. All the time evolution results are not shown here for brevity. It is found that as the coriolis force is increased in the 
negative direction keeping the centrifugal force fixed at moderate Dn numbers, the flow ceases to be steady state; this is 
because the Coriolis force and centrifugal force counteract each other at low Dean numbers, which results in formation of 
few secondary vortices at the outer wall of the duct. 
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                                                  T  
           (c)   
                                                
                                                   t      110.0     114.0     118.0      122.0      126.0     130.0       
 
 
Fig. 5. Time evolution of   for Tr = -100 and Dn = 700 at Gr = 100, (b) Phase space for Tr = -100 and Dn = 700, (c) Contours of secondary flow patterns 
(top) and temperature profiles (bottom) for Tr = -100 and Dn = 700 at time 130110 t . 
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            T  
 
        (c)                                                                                            (d) 
             t     50.09    50.20    50.31    50.42    50.52   50.62 
 
Fig. 6. Time evolution of   for Tr = -200 and Dn = 700 at Gr = 100, (b) Phase space for Tr = -200 and Dn = 700, (c) Contours of secondary flow patterns 
(top) and temperature profiles (bottom) for Tr = -200 and Dn = 700 at time 62.5009.50 t ,                                                      
(d) Time evolution of   for Tr = -300 and Dn = 700 at Gr = 100. 
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6. Conclusion  
        A numerical study is presented for the flow characteristics through a rotating curved rectangular duct of constant 
curvature 1.0 . Numerical calculations are carried out by using a spectral method, and covering a wide range of the 
Taylor number 30001000 Tr and the Dean number 1000100 Dn for the Grashof number 100Gr . For positive 
rotation, we investigate the unsteady flow characteristics for the Taylor number 30000 Tr and it is found that the 
unsteady flow undergoes in the scenario ‘Chaotic  multi-periodic  periodic  steady-state’, if Tr is increased in the 
positive direction. For negative rotation, however, we investigate the unsteady flow behavior for 1001000 Tr , and it 
is found that the unsteady flow undergoes through ‘Chaotic  multi-periodic  periodic  steady-state’, if Tr is 
increased in the negative direction. Typical contours of secondary flow patterns and temperature profiles are also obtained at 
several values of Tr, and it is found that there exist two-, four-, six- and eight-vortex solutions if the duct rotation involved 
in both positive and negative direction. It is found that the temperature distribution is consistent with the secondary vortices, 
and convective heat transfer is enhanced as the secondary vortices increase. It is also found that chaotic flow enhances heat 
transfer significantly than the periodic or steady-state solutions. 
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